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ABSTRACT. This paper develops a general methodology to conduct statistical inference for
observations indexed by multiple sets of entities. We propose a novel multiway empirical likeli-
hood statistic that converges to a chi-square distribution under the non-degenerate case, where
corresponding Hoeffding type decomposition is dominated by linear terms. Our methodology
is related to the notion of jackknife empirical likelihood but the leave-out pseudo values are
constructed by leaving out columns or rows. We further develop a modified version of our
multiway empirical likelihood statistic, which converges to a chi-square distribution regardless
of the degeneracy, and discover its desirable higher-order property compared to the t-ratio by
the conventional Eicker-White type variance estimator. The proposed methodology is illus-
trated by several important statistical problems, such as bipartite network, two-stage sampling,

generalized estimating equations, and three-way observations.

1. INTRODUCTION

Many important statistical problems feature multiway data, in which observations are indexed
by multiple sets of entities, often arranged as rows and columns. Examples include longitudi-
nal data (Liang and Zeger, 1986), classical random effect models (Searle et al., 2009, Ch 5),
row-column exchangeable models (McCullagh, 2000), nonnested multilevel data (Miglioretti and
Heagerty, 2007), bipartite networks (Choi and Wolfe, 2014), multi-stage sampling (Fuller, 2011,
Ch 3), and multiway clustering (Cameron et al., 2011), to list a few. Observations in such
datasets, when correspond to a same set of entity, can exhibit strong dependence that does
not diminish as certain distance measure increases, which invalidates conventional asymptotic
theory. Although Eicker-White type multiway cluster robust standard errors have been devel-
oped for statistical inference on multiway data, and are frequently used in empirical research’,
(i) their derivations are largely case-by-case, (ii) the resulting inference may not be reliable in
finite samples, especially when one of the index dimensions contains only a moderate number
of units, (iii) in situations with weak or no cluster dependence, the resulting inference often
demonstrates significantly less precision than in the cases with strong dependence, and (iv) they
often underestimate the variance in finite samples and lead to distortions in the size or coverage
properties.

This paper develops a general framework to conduct inference on statistical models for various
multiway data. In particular, inspired by the idea of jackknife empirical likelihood of Jing et al.
(2009), we propose a novel multiway empirical likelihood (MEL). Unlike the conventional leave-

one-out operation for jackknifing, one leaves all the observations in a column or a row out at a
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time to construct the leave-out pseudo values. The resulting MEL function is computationally
attractive and is shown to be asymptotically pivotal when the linear terms of the Hoeffding
type decomposition of the statistical object of interest dominate the quadratic terms (called the
non-degenerate case). In multiway data and models, however, degeneracy often occurs so that
the quadratic terms in the Hoeffding type decomposition emerge in the first-order, and the MEL
statistic loses its asymptotic pivotalness. This phenomenon can be understood as an analogy of
emergence of the Efron-Stein bias for the jackknife variance estimator in the multiway context
even though in the original setup of Efron and Stein (1981), the bias is of second-order. To
recover asymptotic pivotalness, we modify the baseline MEL statistic by incorporating leave one
column and row out adjustments, which may be considered as an extension of the leave-two-out
bias correction idea in Hinkley (1978) and Efron and Stein (1981) to our two-way setup. Under
mild regularity conditions, this modified MEL statistic converges to a chi-square distribution
regardless of the degeneracy.

To further motivate our modified MEL approach, we investigate higher-order properties of
the modified MEL statistic in a simplified setup. In particular, we find that the second-order
term of the asymptotic expansion for the modified MEL statistic is closer to zero than that of
the Wald statistic with the Eicker-White type robust standard error, which is always negative.
This illustrates an advantage of our modified MEL inference and also explains the oversize
phenomenon of the Wald test based on Eicker-White cluster robust standard errors that has
been well-documented in the literature (Cameron et al., 2011; Thompson, 2011; MacKinnon
et al., 2021, for example). To the best of our knowledge, this is the first result on higher-order
properties of the leave-out-based empirical likelihood methods, and this result endorses desirable
finite sample properties of the modified MEL method, as showcased in our simulation study.

We illustrate wide-applicability of the modified MEL by various statistical applications, includ-
ing sparse bipartite network formation models (Bickel et al., 2011; Graham, 2020), generalized
estimating equations (Liang and Zeger, 1986; Xie and Yang, 2003; Balan and Schiopu-Kratina,
2005), and statistics under two-stage sampling (Bhattacharya, 2005; Berger and De La Riva Tor-
res, 2016; Chauvet and Vallée, 2020). Throughout these different contexts, the proposed method-
ology can be applied without modification. We also generalize the modified MEL method to a
three-way index setting. Finally, we conduct simulation studies over various settings for classical
random effect models and bipartite stochastic block models. The results suggest that the finite
sample performance of the modified MEL significantly dominates the Eicker-White multiway
cluster robust standard error. The difference is especially profound when cluster dependence
is weak or absent. Furthermore, in contrast to the Eicker-White procedure, the modified MEL
delivers reliable coverage probabilities even when one of the index dimensions contains only a
moderate number of observations.

This paper also contributes to the literature of empirical likelihood (Owen (1988); see Owen
(2001) for an overview). After the seminal work by Jing et al. (2009), jackknife empirical likeli-
hood and its variants have been extended to various statistical problems, e.g., Gong et al. (2010),
Zhang and Zhao (2013), Zhong and Chen (2014), among others. In particular, Matsushita and
Otsu (2021) proposed modified jackknife empirical likelihood to cope with the Efron-Stein bias



and established its asymptotic pivotalness under both conventional and non-standard asymp-
totics. Under the conventional asymptotics, empirical likelihood inference has been studied and
extended to various contexts; see e.g., Bertail (2006), Zhu and Xue (2006), Hjort et al. (2009),
Bravo et al. (2020), and a review by Chen and Van Keilegom (2009), among many others.

This paper is organized as follows. Section 2 presents our basic theoretical results on the
MEL and its modification for inference on the means of two-way data. Sections 2.1 and 2.2
study the first and higher order asymptotic properties, respectively. In Section 3, we extend our
MEL approach to a bipartite network model (Section 3.1), two-stage or cluster sampling model
(Section 3.2), generalized estimating equations (Section 3.3), and three-way data (Section 3.4).
Section 4 illustrates the proposed method by two simulation examples. All proofs are contained

in the Appendix.

2. BENCHMARK CASE: TWO-WAY EMPIRICAL LIKELIHOOD FOR MEAN

2.1. First-order asymptotic theory. As a benchmark, we first consider a two-way sample of

d-dimensional random vectors {X;; : i =1,...,N,j =1,..., M} generated following
Xij = Tn(U7 UiO) U0j7 U’Lj)? (21)

fori=1,...,N and j = 1,..., M, where {U,U;o,Up;,U;; : i =1,...,N,j =1,...,M} are
i.i.d. unobservable latent shocks that can be normalized to U[0, 1], and 7, is an unknown real-
valued Borel-measurable map that may vary with n. Hereafter all population objects, such as the
distribution and moments of X;;, are conditional on U and depend on n through 7,(-), but we
suppress the conditioning on U and dependence on n for notational brevity. In this benchmark
setup, we consider statistical inference on the mean vector § = E[X;] by using the MEL method.

A common sufficient condition for the representation in (2.1) is that {X;; : i =1,...,N,j =
1,..., M} is embedded into an infinite two-way separately exchangeable array (Xi;)(; jjenz. An
infinite array (Xij)(z',j)eW is called separately exchangeable if for any two permutations of positive
integers 71, ™o : N — N and any finite subset A C N2, it holds (Xij)(ij)ea 4 (X (i)m2 () (1,5)€A-
Under such condition, (2.1) follows from the celebrated Aldous-Hoover-Kallenberg representation
for separately exchangeable arrays (e.g., Corollary 7.23 of Kallenberg, 2006). This representation
is widely used in modern statistics, e.g., Diaconis and Janson (2008), Bickel et al. (2011), Choi
and Wolfe (2014), Bhattacharyya and Bickel (2015), Gao et al. (2015), Caron and Fox (2017),
Choi (2017), Zhang et al. (2017), Lauritzen et al. (2018), Veitch and Roy (2019), Davezies et al.
(2021), MacKinnon et al. (2021), Menzel (2021), and many more. See also the review by Orbanz
and Roy (2014).

The representation in (2.1) is useful for our theoretical development since it allows us to

establish a Hoeffding type decomposition for the estimation error of the point estimator 6 =

2Independence over (Upj)jen is assumed for simplicity, and can be replaced by martingale difference sequence
type conditions.



1 N M .
NIT Quim1 2j—1 Xij, that is

A 1 N 1 M 1 N M
9—9:N;LioJrM;LOJ'JFW;;(WUJFRM% (2.2)
where
Ly = E[XulUo| — E[Xul, Lo = E[X1;|Uoj] — E[X11],
Wi; = E[Xij|Uio, Uys] — E[Xaa|Uio] — E[X1;|Uo;] + E[X11],

Rij = Xij — E[Xi5|Uio, Ugy]-

Observe that {Ljo:i=1,...,N}and {Lo; : j=1,...,M} areiid.,and {R;; :i=1,...,N,j =
1,...,M} is also i.i.d. conditional on {Ujo,Up; : i =1,...,N,j=1,...,M}.

Throughout this paper, we regard S(0) = 6 — 6 as an estimating equation for 6 and construct
the MEL function to conduct inference on 6. More precisely, we introduce the leave-out pseudo
value:

Vi(0) = nS(0) — (n —1)5(0),
for I =1,...,n, where S;(6) = 61 — 9 and 6O is the leave one column or row out counterpart
of 6 defined as
60 — { (N_il)]wZz]'\;]élZ;WlXij if I < ‘.Nv
NO=T) >oic1 2z Xij otherwise.
Unlike the conventional leave-one-out operation for jackknifing, we leave all the observations that
have a specific ¢ or j out at a time. Thus the number of leave-out pseudo values is n = N + M
instead of N M, which indicates computational attractiveness of our MEL method.
By considering the leave-out pseudo value V;(f) as an estimating function for 6, the MEL
function for @ is constructed as

£(0) = —2 sup Zlog(nwl) s.t. w; >0, Zwl =1, Zlel(ﬂ) =0.
=1 =1

Wiy Wn =1

Although this optimization involves n variables {wq ..., w,}, in practice £(8) can be computed

by the dual form

n

0(0) =2 sup Y log(1+ N'Vi(0)), (2.3)
AeR4 T

where X denotes the transpose of \.

To study asymptotic properties of the MEL statistic £(0), we impose the following assumptions.
Let n = N A M, 02 = n{Var(Lo)/N + Var(Ly)/M} and 0% = Var(Ri1) be the variance
matrices of the components in the Hoeffding type decomposition in (2.2), and Apin(A) be the
minimum eigenvalue of a matrix A. We say the sequence of data-generating processes is non-

degenerate if )\min(ﬂai) — oo and nearly degenerate if Amin(ﬂc;’%) =0(1).

Assumption 1. (i) {X;; : i =1,...,N,j = 1,...,M} is generated following (2.1). (i) For
some q > 4, E[||X11]|9] is bounded from above uniformly in n. Also lim,_.on/(NV M) € (0,1).



(iii) Under the nearly degenerate case, )\min(ff%) > ¢ > 0 for a constant ¢ independent of n and

S M Wi = 0p(iy S Rp).

Remark 1. Assumption 1(i) assumes that the data have a two-way dependence structure. As-
sumption 1(ii) requires the observables to have more than four moments, as well as limiting the
growth rates of NV and M to be similar. This can be loosen by imposing alternative assumptions
to control the growth rates of Viar(L1p) and Var(Lg;). Assumption 1(iii) imposes some high level
conditions on the asymptotic behaviour of the term W;; in the Hoeffding type decomposition for
the nearly degenerate case. It assumes that the term R;; in (2.2) remains random asymptotically,
but the term W;; is asymptotically negligible compared to the R;; term. This condition holds
automatically in several representative applications, such as the classical random effect models
(Searle et al., 2009, Ch 5), asymptotics of sparse networks (Bickel et al., 2011; Graham, 2020),

and kernel-type estimation of directed dyadic regression models (Graham et al., 2019).

Under these assumptions, the limiting distribution of the MEL statistic £(#) is obtained as

follows.

Theorem 1. Under Assumption 1, it holds

2
or non-degenerate case,
woy 5% I
&Q71¢  for nearly degenerate case,

where & ~ N (0,1imy 00 (no? + 0%)) and Q = lim,_, (no? + 20%).

Remark 2. This theorem says that the asymptotic distribution of the MEL statistic £(0) depends
on the behaviour of the variance component O'% for the linear term in (2.2). If it is asymptotically
non-negligible in the sense that O‘% does not converge to zero at least as fast as n~!, then the MEL
statistic is asymptotically pivotal. However, when 0’% converges to zero at a rate of n~! or faster,
then the MEL statistic is no longer pivotal and its asymptotic distribution depends on n, O'%,
and 0%. If 7,,, (Uj0);, and (Up;); in (2.1) are known to the statistician and (U;;); ; do not enter

“0%2” in the variance of £ can be understood

Tn, then the discrepancy between “20122” in 2 and
as a two-sample U-statistics generalization of the Efron-Stein bias for the second-order bias.

Nonetheless, under our asymptotic framework, this bias emerges in the first-order.

In order to conduct statistical inference based on the MEL statistic £(6), we need to employ
different critical values for the different cases. In particular, for the nearly degenerate case, we
need to estimate Var(§) and Q. Thus, it is desirable to modify the MEL statistic to have the
same limiting distribution for both cases.

Motivated by the bias correction method in Efron and Stein (1981), we develop a modified

version of the MEL statistic as follows. For each { = 1,...,N and l; = 1,..., M, let §t:1) =

(N—l)l(M—l)

6th) — 9, and

> izl 221, Xij be the leave one-column and one-row out counterparts of 0, S, (0) =

Qu, = C(N, M) - [nS(0) — (n = 1){S51(0) + Sn11,(0)} + (n — 2)51,1, ()], (2.4)



where C(N, M) = W Note that the term @y, is different from the leave-two-out

counterpart employed in Efron and Stein (1981) to correct the higher-order bias of the jackknife
variance estimator since we delete a whole column and row of the data matrix (X;;). Therefore,

the total number of leave-out estimators required here is of order O(N M), similar to the usual

NM
2

factor C(IN, M) is a finite sample adjustment to make the coefficient of the leading term (W, +

leave-one-out procedures rather than O (( )) of the conventional leave-two-out methods. The

Rlll) of Qy, to be “ /57" as in (A.8) in Appendix so that the leading term of the adjustment term

? 2121 Zzlzl Qu, Qyy, will be ﬁ Zl]\il Z{\le(VVul + Ry, )%, which is unbiased for Var(Wy, +
Rlll)-

Based on @y, , the modified estimating function is defined as
V" (0) = Vi(0) = TTH{Vi(0) — Vi(0)},

forl =1,...,n, where I and T are so that

n n N M
_ % SViid), T = % S Vi), % Z Z Qu, Q. 2.5)
=1 =1 1=110=1

By using V;"(#) as a moment function, the modified MEL statistic is defined as

n

0™(0) =2 sup Y _log{l + XV/™(0)}, (2.6)
AERY =1

and the asymptotic property of this statistic is obtained as follows.

Theorem 2. Under Assumption 1, it holds (for both non-degenerate and nearly degenerate cases)
m(9) 5 2.

This theorem shows that the modified MEL statistic £™ () has the asymptotically pivotal
distribution of Xg for both asymptotic regimes. We emphasize that the modified MEL inference
only requires the estimators, 6, 60, and 1) and circumvents estimation of Var(§) and Q
in Theorem 1. Based on this theorem, the asymptotic 100(1 — a)% modified MEL confidence
set can be constructed as {0 : £™(0) < x3_}, where x2  is the (1 — a)-th quantile of the x3

distribution.

Remark 3. A by-product of the proposed modified MEL procedure is the modified multiway
variance estimator [T’ in (2.5) evaluated at 6 = 0, an alternative to the Eicker-White multiway
cluster robust variance estimators. It can be considered as an analogy of the bias-corrected jack-
knife variance estimator (Efron and Stein, 1981) for our multiway context. Based this variance
estimator, we can also construct a confidence interval [éj +n 12z, /2 [f‘f" ](jyj)] for the j-th el-
ement 6; of 0. This confidence interval seems to be new in the literature, and in contrast to Efron
and Stein (1981), the correction term in the new standard error y/[I'T] (.j) 1s not asymptotically

negligible in the first-order.

2.2. Higher-order properties. In this subsection, we provide some theoretical justification for

desirable accuracy of the modified MEL statistic by the asymptotic x? calibration based on the



higher-order property. In particular, we compare the second-order terms of the distributions of
the modified MEL statistic £"(#) and the Wald statistic or t-ratio based on the Eicker-White
type cluster robust variance estimator, i.e., T'(6) = (6 — 0)S7(6 — 6), where

N M M N N M
ST }:2:}: N/
> = ]\72M2 CA ’31_ N2M2§:§: Xij —0)(Xiy5 —0)
=1 5=1j1=1 =1 11= 1]1

1 N M ) R
“ N2 Z Z(Xij —0)(Xi5 —0)'.
i=1 j=1

The variance estimator 3 is a two-way version of the cluster robust variance estimator of Liang
and Zeger (1986) from Miglioretti and Heagerty (2007), Cameron et al. (2011), and Thompson
(2011). Its asymptotic properties are subsequently investigated in Davezies et al. (2021) and
MacKinnon et al. (2021). In terms of the first-order asymptotic property, both ¢ (#) and T'(6)

converge in distribution to the x2 distribution.
Here we compare higher-order accuracy of these statistics in a simplified setup, where Xj;
is scalar and a stronger version of the degeneracy condition in Assumption 1 (iii) is imposed.
Let ® and ¢ be the standard normal cumulative distribution and density functions, respectively.

Higher order properties of £"(6) and T'(0) are presented as follows.

Theorem 3. Suppose that Assumption 1 holds true with scalar X;j, E[Xlo] < 00, ]{, le\il Lo+
M _ N M X
ﬁijl Loj = op((NM)™Y), 7 S0y iz Wij = op((NM)~ 1), and limsup|E[e*Xi]| < 1.

[t]|—o0

Furthermore suppose 0%2 =1 to simplify the presentation. Then for each t > 0,

Pr{\/T(0) < t} = (¢ {3 <Zb AZ)H— = (Zb + L>t3}¢(t)+o((NM)_1/2),

and

ravemsa = o0~ {(3 (i) 32 (a5 oo
+o((NM)~1/2),

Several remarks follow. First, the asymptotic expansion for the (signed root of) Wald statistic
T'(0) based on the Eicker-White type cluster robust variance estimator shows that its second-order
term is of order O(N~!4 M ~1!) and takes a negative value. This result suggests undercoverage of
the Wald-type confidence interval based on 7'() in finite samples as illustrated in our simulation
studies in Section 4.

Second, the asymptotic expansion for the modified MEL statistic £ (6) shows that the second-
order term is also of order O(N~! + M~1) but is closer to zero. This result indicates desirable
accuracy of the modified MEL statistic by the y? calibration for the degenerate case.

Third, even without the factor C(N, M) in the adjustment term in (2.4), the corresponding
modified MEL (say, £™(6)) yields a smaller second-order term than that of the Wald statistic as

Py <t} = @(t)_{(§<lif+l\l4>_;f_l\14+l)t+l(JierJ\lf_z(\/i_l))t?’}Wt)



+o((NM)™H2),

However, the refinement of £™(0) in the coefficient of t¢(t) is smaller than that of £7(6).
Fourth, this theorem covers the case where M and N can be of same order. When these orders
are different, e.g., M = o(N), our expansions are simplified to
Pr{\/T(H) <t} = ®(t) - (3115 + 11t3) o(t) +o(M™1),
2M 2M
Pr{\/tm() <t} = ®(t)— <11t + 11t3> o(t) +o(M™1),
2M 2M
which also imply that the second-order term of ¢ (8) is closer to zero than that of T'(6).
Finally, if we replace the degeneracy condition w7 Zf\; Z]]Vil Wij = 0p((NM)™!) with As-
sumption 1 (iii), we can still establish analogous expansions as in (A.9) and (A.10) with an

additional term, \/ﬁ vaz 1 Zj]\/il Wi;, and the cumulants can be computed in an analogous

way. However, due to the non-normal limiting distribution of \/]\II—M Ef\; 1 E]J\/il Wij, its Edge-

worth expansion will be more involved.

3. GENERALIZATIONS

3.1. Bipartite network. In this section, we extend our (modified) MEL inference method for
slope parameters in the logistic regression model for sparse bipartite network models investigated
by Graham (2020). While the asymptotic properties of the maximum composite likelihood
estimator under sparse network asymptotics has been studied in the literature, no inference
method has been proposed for this estimator.

Let pu, {(Wio, Aig) :i=1,...,N}, {(Wo;,A05) :j=1,....M},and {V;; :i=1,...,N,j =
1,...,M} beii.d. sequences, where Wjg and Wy; are observed attributes with supports W; and
Wa, respectively, and (p, Ajo, Aoj, Vij) are unobserved shocks. Suppose the random bipartite
graph {Y;; € {0,1} :i=1,...,N,j=1,..., M} is generated according to

Yij = ha(ps Wio, Woj, Aios Ajo, Vig), (3.1)

where hy s 2 [0, 1] X Wy x Wa x [0,1]3 — {0,1} is a graphon unknown to the statistician. Suppose
the statistician observes {Yj;,Z;; : i = 1,...,N,j = 1,..., M}, where Z;; = z(Wjp, Wp;) is a

vector of known transformations of W;y and Wy;. Consider the logistic network formation model
Pr(Y; = 1| Wio, Wo;) = Aan + Z;8), (3.2)

where A(u) = exp(u)/(1 + exp(u)), and oy, is an intercept, which may vary with n. The asymp-
totics is understood as n — oo. Suppose M/n — ¢ € (0,1). Let p, = E[A(ay, + Z},5)] be the
marginal link formation probability, and AL = Mp,, and A\2 = Np,, be the average degrees of the
first and second cluster dimensions, respectively. Suppose «,, = log(n/n) for some constant 7.
Note that under such setting, o, — —oco and AL — A € (0,00) as n — oo, that is, both average

degrees stay finite in the limit.



We estimate the model by the composite maximum likelihood

N M
(&, B) = arg maxz Zﬁij(a, B), (3.3)

i
where L;j(a, 8) = Yijlog A(ay, + Z;8) + (1 — Yjj) log(1 — A(evw, + Z;;8)). Suppose the object of
interest is a d-dimensional subvector 6 of (, 8’)’. The MEL function £(6) for 6 is obtained as in
(2.3) by setting S(0) = 6 — 6 and SO () = §U) — 9, where 6 is the corresponding subvector of

the estimator in (3.3) and 0() is the corresponding subvector of

(a0, 30y = { arg maxa,s Z%Az St Lifla, B) i < Na
argmaxa, gy ;g )2 Lij(a, ) otherwise.
Similarly, the modified MEL function ¢™(f) can be obtained as in (2.6) by setting S, (0) =
641 — g, where 0411 is the corresponding subvector of arg maxa,g Y 2, Lij(e B).
The asymptotic property of £™(6) is obtained under the following conditions. Note that we
do not need to impose a high-level condition that corresponds to Assumption 1(iii), as it holds

automatically under the current setting (Graham, 2020, pp. 15).

Assumption 2. (i) (5.1) and (5.2) hold true. (i) (n,’)" lies in the interior of a compact
parameter space. (iii) z(-,-) is compactly supported. (iv) M/n — ¢ € (0,1) as n — oo. (v)
H = —nElexp(Z1,8)(1, Z11) (1, Z11)] is of full rank.

Theorem 4. Under Assumption 2, it holds

m(9) 5 2.

Similar comments to Theorem 2 apply. As shown in Graham (2020), the asymptotic variance
of the maximum composite likelihood estimator 6 involves several terms due to non-negligible
contributions from the higher-order terms in the Hoeffding type decomposition (2.2). In contrast,
our modified MEL approach only requires é, é(l)’s, and é(l’ll)’s, and circumvents estimation of

such variance components.

3.2. Two-stage or cluster sampling. Suppose the sample {Y;; :i=1,...,N,j=1,...,M}is
obtained from a two-stage or cluster sampling design. We could consider (i) one-stage sampling,
where j’s are treated as clusters and the j-th column is drawn with probability, say 7;; or (ii)
two-stage sampling, where we first draw clusters (or primary sampling units, PSUs) and then for
each cluster, we do another sampling to obtain secondary sampling units (SSUs) within cluster.
So Yj; is drawn with probability, say m;;. See, e.g., Fuller (2011) for an overview of sampling
statistics.

In this subsection, let us illustrate our MEL approach by the Horvitz-Thompson type estimator

for the population mean:

N M _-1
o — > im Zj:ﬂrij Yij 34
™ N M 71 ) ( N )
>im1 Zj:l Tij

which is routinely applied in the analysis of survey data. There are many studies on this estimator
in design-based context; see, e.g., Chauvet (2015), Berger and De La Riva Torres (2016), Chauvet




and Vallée (2020), Zhao et al. (2020), and references therein. To adapt the asymptotic theory
in the last section, here we take the model-based approach based on a hypothetical infinite
population (Fisher, 1922). This complements the recent results of, e.g., Chauvet and Vallée
(2020), where a design-based approach is employed and the numbers of sampled primary and
secondary sampling units are proportional to the size of the finite population. We leave the
design-based asymptotic analysis of the MEL approach for future research.

To be specific, we consider the two-stage sampling design for household surveys, which is
studied by Bhattacharya (2005) for the case of fixed M (i.e., the size of SSUs). We complement
the analysis in Bhattacharya (2005) by investigating the case where both N (i.e., the size of
PSUs) and M are large. Let i and j be indexes for a PSU and a SSU in the PSU, respectively.
Let J be the total number of PSUs in the population, H; be the number of SSUs in PSU i, and v
be the size of the j-th SSU in the i-th PSU. All the following expectation in this subsection are
taken with respect to the sampling distribution. Let F'(y,v) be the joint cumulative distribution
function of the per capita characteristic Y and SSU size v. Then the population mean 6 of Y

can be defined as the solution of
H;
7 [ oty =00iF(.0) = JE |3 vy(¥~0)| =0.
j=1

Suppose we observe a sample of N PSUs and M SSUs from each of the sampled PSU. Then
the estimator 6, in (3.4) is derived as the method of moments estimator with the weight m;; =

(JH,v;;)~t. Also the leave one column or row out version of 0 is defined as

M —1
Tindm ™ Y o N
~ M —1 =
o) — izl i=1"4j ’

T ZZN:I 2y Yig
AEDUESS
Similarly we can define O™ = (Y 3,0, 75" Yi) /(s Sy, m3') for I = 1., N and
li =1,...,M. Then the modified MEL function ¢™(6) can be obtained as in (2.6) by setting
S(0) =0, — 0, S;(0) = 0 — 0, and Sy, (0) = 0% — 6.

otherwise.

Assumption 3. (i) X;; = (Yij,vij), {Xi;:i=1,...,N,j=1,...,M} can be embedded in to a
structure of the form (2.1). (i) sup,, E[|n 3 Y11|*]/Var(r!Y11)? < oo, sup,, E[r}']/Var(r)? <
0o and Var(n'Yi1) V Var(rt) > ¢ > 0. (iii) limy, oo n/(N V M) € (0,1). (iv) Under the
nearly degenerate case, Y~ | E]]Vil Wij = 0,(3N E]]Vil R;j).

The following result is a straightforward implication of the proof of Theorem 2 combined with
the delta method.

Proposition 1. Under Assumption 3, it holds

m(6) % 2.

It is remarkable that our modified MEL inference based on the Horvitz-Thompson type estima-

tor 0, is free from variance estimation, which is typically involved for two-stage sampling designs.
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Under the model-based asymptotics, Bhattacharya (2005) derived the asymptotic variance of his

estimator, which requires estimation of several components.

3.3. Generalized estimating equations under cluster dependence. In Section 3.1, we
consider inference on a logistic regression model for bipartite network data, where the modified
MEL function is constructed based on the composite maximum likelihood estimator. More
generally, our MEL method can be applied to conduct inference on parameters defined via
generalized estimating equations (GEEs) for longitudinal data (Liang and Zeger, 1986). The
existing literature on the GEE mostly focuses on the case where the cluster size is fixed and there
is no dependence across clusters. A notable exception is Xie and Yang (2003) who investigated
the asymptotic properties of the GEE estimators under the asymptotic regime of N — oo
and M being either fixed or diverges to infinity at some appropriate rates while maintaining
independence across clusters. Thus it is an interesting open question whether we can conduct
valid inference for parameters under both growing cluster sizes and dependence across clusters.

To fix the idea, consider a generalized linear model based on the density f(Y;;|Z;;,60,¢) =
exp[{Yiju(Z;;0) — a(u(Z;;0)) + b(Yij)}/¢] for i = 1,...,N and j = 1,..., M, where u, a, and b
are known functions and ¢ is a known constant. To conduct inference on # when M — oo and
(Yij, Zij) is embedded into a separately exchangeable array, we employ the estimating equations

using the independent working correlation matrix
N M
33 a2 2 Yy — D (Z6))} =0
i=1 j=1

where u(1) and a(!) are the derivatives of u and a, respectively. Letting X;;(6) = u!) (Zi;0) Zij{Yij—
a(l)(u(Z{je))}7 the modified MEL function £™(6) is defined as in (2.6) by setting S(6) = +5; Ei\il Z]Nil Xi5(0),

Si(0) = { mzi;ﬂ Ejjvil X;;(0) if I <N,
m Ei\il Zj# X;j(0) otherwise,

1
Sl,ll(e) = (N—1)(M —1) ;]Z;XU(H)

Then as far as the assumptions for Theorem 2 are satisfied for X;;(6), we obtain £™(9) LA X?iim(&)
at the true value of . Also the modified MEL statistic for the composite null hypothesis Hy :
7(¢) = 0 can be obtained by ming.,g—o £™ (), which converges to X(2iim(7"(0)) by adapting the
argument in Qin and Lawless (1994).

3.4. Multiway MEL. Let us now extend the (modified) MEL approach to the three way case
{Xijp:i=1,...,N,j=1,...,M,t =1,...,T}. Similar modification works for K-way for any
fixed K € N. Consider the sample mean § = (NMT)~! Zf\il Z]]Vi1 ZZ;I Xijt for the population
mean § = E[X111]. Note that following the Aldous-Hoover representation as in (2.1) and the
Hoeffding type decomposition (Chiang et al., 2021, Lemma 1) for general K-way mean, we have

L | M . I
-0 = = Lioot+—> Lojo+— L
Ni:l zoo-FMj:1 0g0+Tt:1 00t
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||M§
1
i J—
’ﬂ
™
™
5
=
~
g
i™
=
I
=
z —_
~
WE
NE
N
§>

1 N
‘MZ;

Lioo = E[Xi1|Uio) =0, Lojo=E[X1j1|Uojo] —0, Loot = E[X11¢ | Uoot] — 6,
Aijo = E[Xi51 | Uioo, Unjo, Uijo] — Lioo — Lojo — 0,
Ao = E[Xi1t | Uioo, Uoot, Uiot] — Lioo — Loot — 0,
Aojr = E[Xu | Uojo, Uoot, Unje) — Lojo — Loot — 0,
Aijt = Xije — Aijo — Aiot — Aojt — Lioo — Lojo — Loot — 0.
Suppose it holds that
N M N M
DD Aijo=> > Rijo{l +0,(1)},
i=1 j=1 i=1 j=1
where Rijo = ¢12(Uijo), g12 : [0,1] — R4m®) is an unknown Borel-measurable mapping.
Similarly, suppose that Zfil Zle Ajor = Zfil Z;f:l{RiOt + 0p(1)} with Rior = ¢13(Uiot),
M =T M =T . N M T
Zj:l > i=1Aojt = Zj:l > t=11Roje+op(1)} with Roje = ga3(Uoje), and 3 ;24 Zj:l >oim1 Aijt =
Zi]\il Zjﬂil Z?:l{Rijt +o0p(1)} with R;j; = g123(Usj¢) for some unknown Borel-measurable map-
pings ¢13, go3, and gi23. This is analogous to Assumption 1(iii). Let n = N + M + T, then a
central limit theorem implies that as min{N, M, T} — oo, we have /n(f — 0) LN N(0,02), where

02 —n VaT(Lloo) 4 VCL?”(LOlo) + VCL?”(LO(H) + VaT‘(Rllo) + VCLT‘(Rl()l) VCL’I”(RQM) VGT(RHl) .
* N M T NM NT MT NMT

Now, define S(0) =6 — 6, S;(0) = 61 — 6, and the leave-one-index-out estimators

M T .
m Doitl 2jm1 2= Xijt if ] <N,
) N T .
00 = ¢ Nt T S Loier Xie N <I< N+ M,
N M T .
WT—U Ei:1 Z]’:l Zt# Xijt otherwise.

Further, define V;(0) = nS(0) — (n — 1)SO(8), V/™(8) = Vi(0) — TT-{Vi(d) — Vi(0)}, for | =
., N, where I' and T are so that

P = LS Vv,
=1

. 1 n R R N M M T N T

I = - > ViO)vi() Z > QuuoQino+ D Y Qouts Qi + Y Y QuotsQlor,
=1 =110=1 l1=11lx=1 =1 lx=1

 NoMoT
+ Z Z Z Quy1, QUi 1,

N
Il
—
-
=
Il
—_
o~
V)
Il
—

where
Quio = [00—(n—1)(0Y +0N+W) 4 (n — 2)§ 10,
Quoi, = [n0— (n—1)(00 4 gNFMHR)) 1 (5 _ 9)§(1002))

12



=)
D>

Qo — (n— 1)) JINHMEL)) 4 (5 — 2)§(Ohul2)],
Quuy, = [0 — (n—1)(0D + GO +1) 4 GIN+M D))

( )( (l 11,0) + 9(0 l1,lg) + e(l Olg)) _ (n _ 3)é(l,l1,l2)],
and the leave-two-index-out and leave-three-index-out estimators are defined by

G0 i Z Z ZXW for | < N,l; < M,

z;él j#lL t=1

= W= ZZZXm for Iy < M,ly < T,

i=1 j#l1 t#ls
glola) o Z Z Z Xy for IS N, <T,
( z;ﬁl J=1t#ls

flint) (N—l)(M ZZZXW for | < NIy < Ml <T.
) A S

é(O,ll,lz)

Under some regularity conditions, it can be shown similarly as in the proof of Theorem 1 that

;iw(e)‘/l(e)/ _ n{ (VCLT'(LNO) n Va'r(L()lo) I VCLT(LOOI))

N M T
VCL’I“(RH()) VCL?”(RlOl) VCLT(ROH) VCLT(Rlll)

Zar\i) 1).

+2( NM T NT T MT 3\ —NaT +op(1)

We can then obtain £ (6) by following the same definition as in (2.6) with corresponding compo-
nents replaced by those defined in this section. It can be shown that under regularity conditions,
the modified MEL statistic has the pivotal asymptotic distribution
(0) % Ximo)-

In fact, this proposed procedure is much less computationally intensive in comparison with the
corresponding jackknife procedures for U-statistics since the number of all leave-out estimators
in the proposed procedure is O(NMT), the same as the order of all different leave-one-out
estimators for i.i.d. data. On the other hand, the conventional leave-three-out estimators with

NMT)

sample size NMT consist of ( possibilities.

4. SIMULATION

This section conducts a simulation study to evaluate the finite sample properties of the pro-
posed MEL inference methods. In particular, we consider a random effect model (Section 4.1)
and bipartite stochastic block model (Section 4.2). We shall focus on simple means based on
the reasoning as in Owen (2007) that one can expect a method that gives the correct variance
for a mean to be reliable for more complicated statistics such as smooth functions of means and

estimating equation parameters.
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4.1. Random effect model. We first consider the random effect model studied in Owen (2007)
and Searle et al. (2009, Ch 5):

Xij =0+ a; +b; +¢ij,
where § = 1 and (a;, bj, ;) are mutually independent random variables with a;,b; ~ N(0,0?)
and €;; ~ N(0,1). The estimator considered here is the sample mean. We vary o2 € {1,0.1,0}
to examine the performance under non-degenerate, nearly degenerate, and degenerate cases,
respectively. We set N =50 and M € {5, 10, 15, 20, 30, 50}.

We compare five methods of constructing confidence intervals: (i) multiway empirical likeli-
hood (MEL), (ii) modified MEL (mMEL), (iii) Wald confidence interval with modified multiway
variance estimator from Remark 2 (mMW), (iv) Wald with Eicker-White type multiway clus-
ter robust variance estimator (EWW), and (v) Wald with i.i.d. variance estimator (IID). The
methods (i)-(iii) are our developments, (iv) is a conventional method, and (v) is asymptotically
invalid (except for the degenerate case) but included for comparison. The nominal coverage is
set as 0.95.

Table 1 reports empirical coverages of the methods (i)-(v) based on 5,000 Monte Carlo repli-
cations. Our findings are summarized as follows. First, IID does not work at all except for the
degenerate case (i.e., 02 = 0). Since IID is asymptotically invalid, its size distortion remains even
for N, M = 50. Second, EWW exhibits severe under-coverages when M is small, as predicted by
the higher order asymptotic theory. Third, mMEL, which is asymptotically valid for all cases,
outperforms in almost all cases. Even if M is small, mMEL performs well. Fourth, MEL works
well for non-degenerate case (i.e., 02 = 1) but over-covers for nearly degenerate and degenerate
cases. This result is expected from Theorem 1. As shown in Theorem 2, mMEL recovers asymp-
totic pivotalness for all cases and our simulation result clearly illustrate this point. Fifth, for
Wald-type confidence intervals, the proposed mMW works better than the conventional EWW
but slightly under-covers.

Overall we recommend mMEL, which exhibits accurate coverages and is robust for all cases.

14



M | 0 | MEL mMEL mMW EWW IID
1 10950 0.953 0928 0.858 0.343
510110954 0944 0923 0.845 0.581
0 10992 0958 0.952 0.816 0.949
1 10951 0956 0941 0.913 0.333
10 10.110.962 0.954 0942 0.910 0.580
0 10992 0949 0943 0.883 0.945
1 10947 0953 0943 0922 0.324
1510110964 0.956 0948 0.925 0.566
0 10991 0953 0948 0911 0.951
1 10953 0957 0949 0.933 0.311
20 10.1{0.962 0.954 0.950 0.931 0.539
0 10994 0949 0946 0917 0.951
1 10950 0954 0950 0.937 0.291
300.1]0960 0953 0950 0.938 0.517
0 {0997 0948 0.946 0.924 0.947
1 10950 0953 0.952 0.940 0.261
50{0.1]10.954 0950 0949 0.938 0478
0 10995 0952 0.950 0.938 0.954

TABLE 1. Coverage rates for random effect model with N = 50

4.2. Bipartite stochastic block model. We next consider a stochastic block model, which is
an adapted version of Bhattacharyya and Bickel (2015, Sec. 5.2) for bipartite graphs with two
different community dimensions. First, each ¢ is randomly assigned to a membership a € {1, 2} of
the first community dimension with probabilities 71 = (0.7,0.3)" and each j is randomly assigned
to a membership b € {1, 2} of the second community dimension with probabilities o = (0.2,0.8)".

Then consider the following edge formation probabilities
Fop =Pr(Xi; =1li € Aq,j € By) = 595, for a € {1,2} and b € {1, 2},

where the blocks A, and By satisfy A; U Ay = {1,...,N}, AyNAs =0, BiUBy ={1,...,M},

0.6 0.4

B1 N By = 0, Sy’s are elements of S = 03 7], and sy is chosen to satisfy § = 7] Fmy €

{0.5,0.1,0.05}.

Similar to the last subsection, we consider the five confidence intervals (i)-(v) for 6 with the
nominal coverage 0.95 for the cases of N = 50 and M € {5,10,15,20,30,50}. Table 2 reports
empirical coverages of the methods (i)-(v) based on 5,000 Monte Carlo replications. The results
are qualitatively similar to the ones in the last subsection. IID has size distortions, EWW exhibits
under-coverages when M is small, and mMEL outperforms the rest for almost all cases. In this
simulation study on a bipartite network, MEL shows over-coverages for all cases including the
relatively dense case (i.e., § = 0.5). Therefore, we recommend to use mMEL for this simulation

study, too.
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M| 6 | MEL mMEL mMW EWW IID
0.5 10991 0954 0940 0.840 0.936
5 0.1 (0990 0953 0940 0.815 0.931
0.05 10989 0952 0941 0.832 0.933
0.5 10990 0952 0940 0.901 0.912
10 0.1 |0.990 0949 0.936 0.909 0.935
0.05 0992 0.949 0935 0.903 0.944
0.5 098 0954 0943 0.919 0.893
151 0.1 {0990 0949 0936 0.909 0.935
0.05 10992 0949 0935 0.903 0.944
0.5 10988 0956 0946 0.928 0.878
201 0.1 {0993 0949 0937 0915 0.944
0.05 0988 0.947 0933 0912 0.938
0.5 10984 0958 0949 0.939 0.852
30| 0.1 {0992 0954 0945 0.930 0.944
0.05 10992 0946 0.938 0.924 0.936
0.5 10980 0.955 0945 0.938 0.796
50 0.1 0991 0949 0942 0.932 0.926
0.05 0991 0.951 0947 0.936 0.941

TABLE 2. Coverage rates for stochastic block model with NV = 50
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APPENDIX A. MATHEMATICAL APPENDIX

A.1. Proof of Theorem 1. In this subsection, we use the following lemma.

Lemma 1. Suppose that E[||X11]|9] < C < oo and p = n/n = o(n'/?>~2/9) for some q > 4. Then
it holds maxi<j<y, ||[Vi(0)|| = op(n'/?).

Proof of Lemma 1. For notational simplicity, assume that X7i; is a scalar. Foreach I =1,..., N,
it holds Ny u
1 1 N -1
:WZZXM_QZWZ(XU_Q)"‘ N Sl(e)a
i=1 j=1 j=1

and thus Vj(0) = nS(0) — (n — 1)5;(0) satisfies
M
N —
max |V;(f)] = max LM (X1 —0) + <n
1

1<IKN 1<I<N | N = (n - 1)) Sl(e)

n

= 0, ( max max |X¢j|> +Op<max |S;(6 )|> =0, <p max max |X”\>.

N 1<i<N 1<j<N 1<I<N 1<i<N 1<j<N
Similarly, it holds that maxyy1<i<p |Vi(0)] = Op (p maxi<i<ny maxi<j<n |Xi;|) . Now, by Jensen’s
inequality,
1/q
E [ max max |XZ]]] <E [ max max ij|q]> < cYiNM)YT < cMap?la,
1<i<N 1<j<N 1<i<N 1<j<N

Combining these results, we obtain

1r£lla<}$1 Vi(0)] = Op(ﬂn2/q) = Op(nl/z)-

Proof of Theorem 1. For notational simplicity, assume that X; is a scalar, as the general result
follows analogously with an application of a multivariate central limit theorem. In this proof, we

will frequently utilize the U-statistic form of the sample variance: for z =n"1Y

%Z (x; — ) nl Z (z1 — x1,)°. (A1)

1<I<li <n

We will also make use of the algebraic identity S(0) = n=1 Y, Si(0) = n= 1311, Vi(f). The
rest of this proof is divided into three steps.

Step 1. In this step, we shall establish the main asymptotic result for the MEL statistic. Let
A = arg max, Yooy log(1+AV;(0)). The first-order condition for A and the fact that (1+xz)~! =
1—z+ 2214 2)7! give

1 & L1 "L V(0)302
0=— Vi) —=">» V(o —_—
Zl—i-)\Vz Z Z Z:1+AV(9)
Since Lemma 1 guarantees max;<;<, |Vi(0)| = 0p(n'/?), a standard argument as in (Owen, 1990,
eq. (2.14)) yields A = O,(n~%/2). Thus, one has

SO L
A= v T )
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A Taylor expansion yields

(o) = Qilog(l +AVi()) = zi <;\Vl(0) - ;{}\v;(e)}?) +0p(1)

=1 =1

=125 vie))
- {n—lzz;llllwéé)g} +0p(1). (A.2)

Therefore, the conclusion follows from the convergence in distribution of the numerator and the

consistency of the denominator for the non-degenerate case (Step 2) and nearly degenerate case
(Step 3).

Step 2. We shall now investigate the limiting behaviours of the numerator and denominator
in (A.2) under non-degeneracy. Under this scenario, it holds that QO’% — 00, which implies
0% = o(no?). Also note that lim, o 07 /n < oo under Assumption 1(ii). Define 0% = 0% /n +

0%/(NM). In this case, it is sufficient for the conclusion of the theorem to show that

Ly v 4 N, (43)
=1

7121022”:1/[(9)2 LY (A.4)
=1

We first show (A.3). Eq. (2.2) and Assumption 1(iii) imply

n;%(@):{l—i—op(l)} N;Lio-l-M;LOj —l—NMZZ:;j;Rz’j-
For each n, define the sequence {Y,,;:t=1,...,n+ NM} by
Ly /N for t <N,
Yot =9 Log—ny/M for N+1<t<n, (A.5)

R;j/NM  fort>mn, where j = [(t—n)/N|,i=(t—n)—(j —1)N.

Notice that n=' 27, Vi(0) = S VMY, o 4 0,(1). Tt is straightforward to verify that it has
zero-mean and EY, {Yn: 1 t1 = 1,...,t =1} =0, ie, {Yp : t =1,...,n+ NM} is a

martingale difference sequence. Moreover, observe that

n+NM n+NM
Z E[(Ypn.+/0)?*%] = 0 for some 6 > 0, and Z Yn%t -2 20,
t=1 t=1

where the first result (Lyapunov’s condition) is implied by Assumption 1(ii) and the condition
that QO’% — 00, and the second result follows from the weak law of large numbers and conditional
independence of {R;; : ¢ = 1,...,N,j = 1,...,M}. Therefore, the central limit theorem for
martingale difference triangular arrays (White, 2001, Corollary 5.26) implies

n+NMY 1 n 4

n,t

— = — V(0 1) = N(0,1
D T e MO+ o) S N.)
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i.e., the result in (A.3) follows.
We now show (A.4). Note that

e YV = Z (n = 1{Si(0) - SO}
=1
n — 2 n n— 9 n
= %S(W ( nzalj S1S10) — 5(6)) ( nzglz) 3 {Si(0) — S(0)}2 + 0p(1)
=1 =1
(-1 [& 1 & ol 1 M :
= 252 Z{&@)-NZSZ‘(G)} +Z SNH(H)_MZSNH(G) + 0p(1)
=1 i=1 j=1 j=1
121 & Y 1AM
= o |l 2 SO = SO + 3530 D {Sws(6) — Sy (0 | +op(1)
| =l i=itl §=1j'=j+1
(n _ 1)2 N N 1 M 2
T 2No2 [Nl(L 10 — Lio) MZ{( (Rin — Rip) }
i=1i'=i+1 =1
n — 1 e M M N
2o Z 2 [ g (Fojr = Loj) + Z{ (Wijr = W) + (Bijr — Rij)}
J=1j"=j+1 k:l
0.2
= o2 —5+ op(1) =1+ 0p(1),

where the second equality follows from the identity n=! >, S;(0) = S(0), the third equality fol-
lows from S(0) = Op(n~'/2), the fourth equality follows from SN Si(0) = 7 Z 1SN+(0) =
S(0), the fifth equality follows from (A.1), the seventh equality follows from the fact that each of
(Lio)i, (Loj)js (Wij)ij, (Rij)ij is i.i.d. and centred, as well as an application of the law of large

numbers, and the last equality follows from the fact no? = 0% + o(1) when @0% — 0.

Step 3. We shall now investigate the limiting behaviours of (A.2) under the nearly degenerate

scenario. In this case, it holds that 07 = O(1/n), which implies 0% /n = O(c%/(NM)). Notice
that under Assumption 1(iii) and (2.2), we have

1 n
EZVl( NZLzo-I-MZLo] NMZZR”1+O”
=1

=1 j=1
For each n, we define the sequence {Y;,; : 1 <t < n+ NM} as in (A.5) again, which is a
martingale difference sequence. Using the same argument as in Step 2, the central limit theorem
for martingale difference triangular arrays yields the same result in (A.3).

Thus, it remains to show

o?/n+20%/(NM
s Z Vi(9)* 5 lim, (fé//ni U://((N M)) (A.6)

To this end, analogous arguments as in Step 2 (using the fact that S(0) = O,((NM)~/2)) yield
1 < ;
DO = oy Z (n—1){SO(0) - S(6)})”
i=1
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= Lsepe B Z{s< sy =4 Z{s SO)F +0,(1)

no
m-12]1 &L &
= T w2 2 (500 -5 Z S° (54(8) — SH00)12 | 10,01
=1 ¢/=3+1 ] 1j/=j+1
2
(n—1)° Al 1 1 M
- WZ 2 N7 (Lo = Lio) + mZ{(WM Wi) + (Rin — Ra)}
i=1 i'=i+1 =1
n i 1 o M M 1 N
TL2M0'2 Z Z [ LO]/ - L(]j) + m Z{(ijl - Wk]) + (Rkj’ — Rk])} + Op(l)
Jj=lj'=j+1 =1
_ o}/n+20%/(NM) .
02/n+0'2 J(NM) +0p( )s
L R

where the second equality follows from the identity n=1 Y] | S;(6) = S(6), the third equality
follows from S(0) = O,((NM)~1/2), the fourth equality follows from (A.1), and the last equality
follows from the fact that each of (Lio)i, (Loj)j, (Wij)ij, (Rij)ij is i.i.d. and centred, as well as

an application of the law of large numbers. Therefore, the conclusion follows.

A.2. Proof of Theorem 2. For brevity, we focus on the case where Xj; is scalar. Also we
present the proof only for the nearly degenerate case (i.e., 0 = O(1/n) and SN ZJ (Wi =
0p(XN, ijl R;;)), as the non-degenerate case can be shown similarly. As in Step 1 in the

proof of Theorem 1, one can obtain the asymptotic expansion
(2oL, o))
nTt s Vime)?
Define 02 = 0% /n+0%/(NM). A similar argument to Step 3 in the proof of Theorem 1 together
with the consistency of 6 imply (n202)~! Yo Vlm(é)2 2 limy, oo (no? + 20%)/(no? + o%). It

™) =

+ 0p(1).

now suffices to show

o2 Z Z szl = NM =2 T op(1), (A7)
=1 l,=1
as the desired result is then implied by Step 3 in the proof of Theorem 1 as well as
Ly i i(6) RS
m l
— e = { = } A0
=1 El 1 W( ) Zl 1 le =1 Qlll =1

2 1/2
@JL—l—QUR
= —5H " Vi(o
{ not +o% } Z ) +opll
Notice that for each [ =1,...,Nand l; =1,..., M, eq. (2.2) yields

nS(#) = NZLZO+MZLOJ NMZZ{W”—FRZ]}

=1 j=1

ZLOJ ZZ{WU +Rw}

z;élj 1

n—1

(n—1)S,(0) = ZL
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(n— 1Sy (6) = ”‘1ZL10+ LS I+ ZZ{WNRU}

] #ly i=1 j#l;
n—2
(n—=2)5,(0) = N —1 Z i0 + Z 0j — Z Z{Wu + Ryj}.
i#£l J#l Wfl Jj#h

By plugging in these expressions, a direct calculation yields
1 1 X
Qu, = C(N,M) “N_1 (Llo - ZLm) - 7_ Lo, — MZLOJ'
j=1

M N

1

Z Wij + Rig) = 55 2 (Way + Ray) + 572 (Wi, + Ru) + 0,(1). (A8)
7=1 =1

By inserting this expression to the left hand side of (A.7), applications of the weak law of large
numbers under Assumption 1 (ii)-(iii) imply (A.7).

A.3. Proof of Theorem 3. By proceeding as in Chapter 2 of Hall (1992), we have

Pr{y/T(6) < t} = ®(t) — { (k20 — 1)t + 222 = 30) } o(t) + o((NAD)~112),

where kg, is the ¢g-th cumulant of 7'(¢). By an expansion, T'(f) can be written as

T(0) = A{1+ By + By + B3 + By + Bs} + 0,((NM)~1/?) (A.9)
where
1 N M 1 M M 11 Ly M
A = —=>"> Ra, B *7222 Rik Ry, B2=—*7ZZZRZ‘1€R¢’
NM = 2 Mzzl =1 £k 2NM i=1 j#i k=1
N M M
1 1 9 9 1IN+ M-
Bs = 2<WZZRMUR>7 B4:§W 1+7 ZRszﬂ
i=1 k=1 i=1 j#i k=1 l#k
3 | oMM N N M 2
I 1 £ ) D) LIRS 35 3 U
i=1 k=1 l#k i=1 j#i k=1
Then tedious but direct calculations yield
1
b = g (NM)TV2ERE] +o((NM)™Y),  hpp = 14 a4 4 o (NM)™2)
6 6
f3n = —2NM)VZE[RG]+o(NM)™V?), han = + -+ o(NM)7V?),

and the conclusion for 7'(0) follows.
We next consider the modified MEL statistic £™(6). By proceeding as in DiCiccio et al. (1994)

with U%{ = 1, we obtain the signed root expansion

V™ (0) = A{1 + By + By + B3 + By + Bs + C} + 0,(NM)~1/2), (A.10)
where 5
E[R3. _
C:_l 3+3_§ + [U] 1 A— V21 lAQ.
2\N M n 3v2 VNM 2 n
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Then the cumulants of /¢™(0) are obtained as

m _1 1 3 -1/2 m 8_3\/§ —-1/2
K’l,n - 2\/WE[RZJ} +0((NM) )a HQ,n =1+ n +O((NM) ))
m _ 2 3 —-1/2 m _ 6 6 12(v2 - 1) ~1/2
R3,n - \/WE[RU] +0((NM) )) K’4,n - N + M 7 +O((NM) )
By proceeding as in Chapter 2 of Hall (1992), we have
K;m
Pr{v/E70) < 1) = ()~ { (65 = e+ 5 =30 bole) + ol (D)),

and the conclusion for 1/¢™(#) follows.

A.4. Proof of Theorem 4. Here we focus on the case of § = («, 8')’. The case where 6 is a

subvector of (a, ") can be shown analogously by applying the argument in Qin and Lawless
(1994). Let 6 = (&, 3'), Dij = (1, Z};), s;j(0) = (Yi; — A(D};0))Dy;, and

Step 1. In this step, we shall derive the asymptotic distribution of S(0) = 6 — 6. Following
Section 3 in Graham (2020), using the first-order condition for 6 and a mean value expansion

yield that for some @ that has each of its components lie between the corresponding components
of § and 0, it holds

N M
SO)=6—6= {an(é)}—lﬁ ;;sijw).

For the inverse factor in this expression, Appendix A of Graham (2020) under Assumption
2 gives {nH,()}~' & H~'. For the linear component, we need further notation. Define
Uio = (Wio, Aio), Uoj = (Woj, Ag;), and

Lio = Elsi(00)|Ui0),  Loj = E[s15(60)|Uoy];

Wij = Elsij(00)|Uio, Unj] — Elsi1(60)|Uio] — E[s15(00)|Uoj1,

Rij = sij(6o) — Elsij(60)|Uio, Uoj,

o7 = n{Var(Lyw)/N + Var(Lo1)/M},  of = Var(Ry)

Y = lim n?*H Yo} +o%/n}H !, Xm = li_>m n*H {0} + 20%/n}yH .
n—0oo

n—oo

Under Assumption 2, by Theorem 1 in Graham (2020) and the discussion there-before, we obtain

32 N M
ViS(0) = SrHTUY D Tsii(6) + op(1)

i=1 j=1

N M
L()j + ﬁZZRU +0p(1)

1 Y 1
= WPH =S L+ —
- " N < Lio+ 37 .

i=1 1 =1 j=1

-

1

N(0,%), (A.11)



as well as that n3/2(NM)~1H~! sz\i1 Z]]Vi1 Wij = op(1).

Step 2. In this step, we shall prove

1 n
— Vi(0) = v/nS(0) + op(1). (A.12)
ﬁZ} :
Since .
\}ﬁ S Vo)
=1

it sufficient for (A.12) to show >}, Si(0) = nS(6) + 0,(n~/2). By a fourth-order Taylor

expansion, it holds

SO = 6-0
N M
= {nH. (0} 'Y {s” + Z W(e 0)(0r — O)
i=1 j=1 k=1
d d
#3030 Ve @ g )9, - 0,0, - 0)
k=1 ¢=1 )

d d d -
+zzzW@—em_ew(@e_ee)(am_em)}

d d
Yy W(a —0)(@ — 01) (e — 00} +0p(n™)

| NoM
= WZZX,-j + 0,(n72), (A.13)
for 6 = (ék)gzl with each @) lies between 6 and 0}, where

Xij = n{nHy(0)} ™ (sm + Z v’”’“s” ©) 5~ 0)(6, - 00) + Z Z W@’f""s” L6 0)(0, — 0) (0 — 94)> .
k=1

k=1 (=1
We shall now establish similar asymptotic representations for the leave one column or row out

counterparts. Denote

HL_(0) = W Yoo SoiL Vesi(0), 1< N,
n—1 —
N(M 1 21—12237&1 veszg(e) otherwise.

For each I < N , we have

Si0) = 60V —9¢

= {nHl 0)}~ Zi s5ii(0) + i M(é(l) _ 9)(@(1) — )
n—1 — 1 e i ( £ 9 k k



k=1 ¢=1 3!
d d d 0
\V4 Sii g(l) ~ ~
#3233 Ve 000 )0 ) - 00(04 - 0}
k=1 (=1 m=1

= ({nn(@)} ™ — (0 (77 2 S s (0)(1 +a,)(AL
i#l j=1

where () are vectors of mean values. Note that the last term of (A.14) has an order of O,(n2)
following the fact that (B~! — A1) = B71(A — B)A™! for A and B invertible, the fact that
nH,(0) and nH,_1(f) have their eigenvalues bounded and bounded away from zero with prob-
ability approaching one as H is of full rank, the asymptotic order (n/NM)3_, Zj\/fl 5i5(0) =
O,(n~"/2) implied by the asymptotic normality in Step 1, and the claim that n(H, ()—H',_,(0)) =
Op(n_3/2), which we shall show next. To show this claim, note that for each [ < N,

N M
n(H,(0) — H! 1(9))—_ﬁ‘ D Vosij(6) + MZZWSM
i=1 j=1 1#£l j=1

L N M i N M
— —W;;VGSU(Q) + (N—1)M ;;vﬁw(a Zv‘)slﬂ

1 1 U
= “N_1 (M > AnVosi;(0) — H} — ZZ{nve% })

j=1 i=1 j=1

= 0p(n1)0y(n"1?) = Op(n™3/?), (A.15)

where the last equality follows from applications of the maximal inequalities for separately ex-
changeable arrays (Chiang et al., 2021, Corollary 3) and for i.i.d. random variables (van der
Vaart and Wellner, 1996, Theorem 2.14.1), as well as the fact that nE[Vys11(6)] = H. Hence
(A.14) becomes

é(l) 9 — {TLH ( ) Z Z {Sz] + Z veakslj e(l) — 9)<é](€l) — (9k>
z;él Jj=1
d d \VA Py A A
n Z Z 99k9Z z] e(l) _ 0)(0](;) _ ek)(eél) _ 9@)} + Op(n_Q)
k=1 ¢=1

= {nH, ()} ZZ{% +ZW“ (6 — 0)(0r — 1)

1#l j=1
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\Y% i . .
+ Z oeke,_;s i( 0 0) (0 — ) (0r — 93)}
k=1 ¢=1
+0p(n™?) + Oy \||9 o A
= _1MZZXM+O (n72) + Op(1) - 169 — 02 = 6 — 0| (A.16)

1#l j=1
To obtain a concrete bound for the asymptotic order in (A.16), note that by the fact that
a? —b? = (a + b)(a — b), we have

16 0] — 16— o112| <[16© — o]l ~ 1 — 61| - 18

— 0]l + 116 — ol
<10 01 19 — o1l + 10 — ) = 109~ 8]l Op(n=2), (A17)
where the second inequality is implied by the reverse triangle inequality for norms |||a|| — ||b]|] <

lla — b]]. We now proceed by the following recursive argument. Observe that using the coarse

representations implied by the earlier Taylor expansions, it holds that

6—0 = {nH,( NMZZSZJ nh),

=1 j=1
{n (0} (v 2ywr Lo g 63(0) + Op(n™") i L < N,
{nH,(0)} lm PR > 1565 (0) + Op(n~1)  otherwise.

Following the same argument as (A.15), we have [|[§©) — 8] = O,(n3/2) + O,(n") = O,(n1).
This implies that (A.17) is of order O,(n~/2) and thus (A.16) gives

éﬂbe— ZZXU+0 (n3/2).

z;élj 1

60 _ g

Now, using this representation and (A.13), again following the same argument as (A.15), we have
160 — || = O,(n=3/?) and thus (A.17) becomes O,(n~2). Plugging this into (A.16) once more,

we have the representation

S(0) :é<l>—9_ ZZXZﬂ—O -2,

z;él] 1

Likewise, for [ > N, a symmetric argument shows that

Sy(0) =W — g = Z > Xij+0p(n7?).

i=1 j#l

Utilizing these asymptotic representations yield that

n M N M N
Z —1MZ ZZX” ZXZJ +Z\41—1)Z ZZXU ZX'LZI —|—O(7”L n 2)
=1 i=1 j=1 1=1 \ =1 j5=1 =1

_ {NM(N 1) NM(M

(N-1)M * (M — 1)_]\7) } S(0) + Op(n™") = nS(0) + Op(n_l/Q),
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as required.

Step 3. In this step, we shall verify

n N M
1 1 . - -
= ; VIOW(O) 5 B, =D > QuQy, = lim n®H ™ (ok/n)H ™"

I=11=1

Using the Hoeffding type decomposition in (A.11), we have

%(Llﬂ Lio) + (N 1)M ZJ (R — Rij) + Op(nfl/Z) ifl <l <N,

Lo — Lo + §imny Tt Ris—n) — (e L Rig +0p(n™ /)i 1< N < Iy,
%(Lo(lﬁm — Log—ny) + N?ﬁijl) Zil(Ri(ll,N) — Rig—n)) +0p(n~13) i N <l <ly.

Using this and (A.12), it holds

Si(0) — 51, () =

%ZVz(@) Z{S = (n = 1)(Su(0) = S(0)H{S(0) — (n — 1)(Si(6) - S(0))}

0)H{Si(0) = S(0)} + 0p(1)

- ;21)2 Z{Sz(e) — 53, (0)}{S1(0) — Si, (8)}Y + 0,(1)

<l

277122 Z Hil(LZ‘O — LjO)(LiO — Lj())/Hil n 2n2 Z Hil(LOi — LOj)(LOi — Loj)/Hil
N

£ 2 M2 £ 2
1<j<N 1<j<M
LojLy;  LigL! _
MQZZH ( T N20> t e 2 ZH Rit)(Rjy — R)'H™
i=1 j=1 i<j<N [=1

Z ZH (Ryj — Rii)(Ryj — Ryg) H™!

z<]<Mk 1
n2 N M N M N M !
+N2M2 Z ZHil (Z Ry — Z Ril) (Z Ry; — Z Ril) H™' +0,(1)
i=1 j=1 k=1 I=1 k=1 I=1

= n?H! { (1 + ]\]\;) Var(Li) + <1 %) Var(Lo) + (]\14 + % + NE) Var(Rll)} H™' +0,(1)

L Y

where the last equality follows from the weak law of large numbers. On the other hand, using

an analogous argument as in the proof of Theorem 2, we have

LN
EZ Z Qu, Qu,

I=110=1
1 N M n2 7'[,2 /
. -1 —3/2 -1 —-3/2
- n;lzl{NMH Rlll—i_op(ﬂ )}{NMH Rlll—i_op(n )} +Op(1>
=15L=
it li_}m n?*H Yo% /n)H™
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Step 4. Combining the results in Steps 1-3 with the same argument in the proof of Theorem 2

and the fact that ;" | S;(0) = > {Si1(0) — S(6)}, we obtain
1 - m d 1 S m m
WO S NOT), D VIOVME) S D
=1 =1

The rest then follows straightforwardly from the linearization argument as in Step 1 in the proof

of Theorem 1.
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